In this work, we study the Willmore submanifolds in a closed connected Riemannian manifold which are orbits for the isometric action of a compact connected Lie group. We call them homogeneous Willmore submanifolds or Willmore orbits. The criteria for these special Willmore submanifolds is much easier than the general theory which requires a complicated Euler-Lagrange equation. Our main theorem claims, when the orbit type stratification for the group action satisfies certain conditions, then we can find a Willmore orbit in each stratified subset. Some classical examples of special importance, like Willmore torus, Veronese surface, etc., can be interpreted as Willmore orbits and easily verified with our method. Our theorems provide a large number of new examples for Willmore submanifolds, as well as estimates for their numbers which are sharp in some classical cases.
Introduction
A Willmore submanifold M n is defined as an immersed closed submanifold in a closed connected Riemannian manifold (N n+p , g N ), which represents a critical point for the Willmore functional W N,g N (·) [2] [21] [24] . It has been intensively studied in Riemannian geometry, and many examples have been found [7] [10] [11] [12] [19] . Studying Willmore functionals and Willmore submanifolds in the unit spheres are particularly important for many reasons. Firstly, they are invariance under conformal or Mobious transformations. Secondly, they are closely related with the structure and classification theories for isoparametric hypersurfaces. And lastly, they are directly related with the famous Willmore conjecture which has been studied for decades by many geometers [13] [16] [20] [23] , and finally solved in 2014 [14] . Notice there is a general version for the Willmore conjecture [8] [10] [18] , which is still widely open.
In this work, we study the Willmore functional and Willmore submanifold with Lie symmetry. We assume the ambient space admits the isometric action of a compact connected Lie group, and study Willmore submanifolds which are orbits for this group action. We will simply call them homogeneous Willmore submanifolds or Willmore orbits.
The motivation for studying homogeneous Willmore submanifolds is two-folded. On one hand, since the Lie method has been introduced to the study of geometric functionals, it has been very successful on finding new examples of homogeneous minimal submanifolds [6] , or homogeneous Einstein metrics [1] [5] [22] . So we are inspired to try similar ideas or techniques for the Willmore functional, and expect finding new examples of Willmore submanifolds. On the other hand, we observe some classical examples of Willmore submanifolds with special importance, like the Willmore torus and its generalizations with higher codimensions [10] [11] , the Veronese surface in S 4 (1) [3] [9] [11] , the focal submanifolds CP 3 and G 2 (R 5 ) in S 9 (1) [19] , and many others, permit large symmetries, i.e. they can be interpreted as Willmore orbits.
There is a simple criteria for Willmore orbits, which does not need to apply the general Euler-Lagrange equation [4] [17] . First we have the orbit type stratification N = α∈A N α for the G-action on N according to the isotropy group types. Then a G-orbit G·x is a Willmore orbit iff it represents a critical point for W N,g N (·)| Nα/G , where N α is the stratified subset containing G · x, and N α /G is a finite dimensional smooth manifold contained in the defining space for the Willmore functional, i.e. the moduli space M M,N of all immersions from M = G · x to N (see Theorem 4.2) . Computing critical points in the finite dimensional N α /G is a much easier task than in the infinite dimensional M M,N .
The examples mentioned above can be easily verified to be Willmore submanifolds using this method. Further more, we expect finding new examples. The following theorem can meet our goal in quite general sense. Theorem 1.1 Let G be a compact connected Lie group acting isometrically on a closed connected Riemannian manifold (N, g N ). Denote N = α∈A N α the orbit type stratification for the G-action on N , where A is a finite set, and G/H α the orbit type for each N α . Assume the following two conditions:
Then there exists a Willmore orbit in each N α .
The proof of Theorem 1.1 relies totally on our criteria Theorem 4.2 and the following theorem. (N, g N ) and G be the same, and the orbit type stratification N = α∈A N α satisfies the same assumptions (1) and (2) as in Theorem 1.1. Then for any sequence x n ∈ N α , n ∈ N, such that lim n→∞ x n = x ′ ∈ N β ⊂ ∂N α , we have
Theorem 1.2 Let
Because Theorem 1.2 described the behavior of W N,g N (·) when the sequence of orbits G · x n 's collapse (converge) to one with a lower dimension, we will simply call it the orbit collapsing theorem for the Willmore functional.
Our methods are the standard localization technique in Riemannian geometry, i.e. enlarging a sequence of infinitesimal neighborhoods to a fixed standard model space (see Section 6), together with the induction for the relative complexity degree between N α and N β (see Section 3 for its definition).
There are some tricky issues when we do the induction, because some extra product factor appears. Those extra product factors can not be ignored when the collapsing behavior of the orbits is complicated and we need to use the localization technique more than once. This difficulty requires us to prove a more general theorem than Theorem 1.2, which includes the extra product factor. To be precise, we will define a relative Willmore functional (See Section 5), and prove a similar orbit collapsing theorem for our new functional (see Theorem 5.3). Then Theorem 1.2 and Theorem 1.1 are just immediate corollaries.
Imposing the assumptions (1) and (2) in Theorem 1.1 will not loss too much generalities. We can expect harvesting abundant new examples of Willmore submanifolds from Theorem 1.1. As examples, we will only discuss some important classical cases, i.e. the canonical action of SO(n 1 ) × SO(n 2 ) on R n 1 +n 2 (and its generalization with more SO-factors), the SO(3)-conjugation on S 4 (1), and the Ad-action of SO(5) on S 9 (1) ⊂ g = so(5). Notice Theorem 1.1 provides a lower bound estimate for the number of Willmore orbits, which is irrelevant to the equivariant changes for the metric g N . For the examples we discuss, i.e. the ambient space is a standard sphere, this estimate is sharp by either direct calculation or Theorem 5.1 in [10] .
Some of above examples are discussed in [10] as isoparametric hypersurfaces. They were further studied in [19] [25] to give more examples of non-homogeneous Willmore submanifolds, i.e. the focal submanifolds for an isoparametric foliation in a standard sphere. The techniques in this work can even be generalized to those situations to provide new observations for those results. This paper is organized as following. In Section 2, we recall some fundamental knowledge about Willmore functional and Willmore submanifold. In Section 3, we introduce the orbit type stratification. In Section 4 we define homogeneous Willmore submanifold and prove its criteria, i.e. Theorem 4.2. In Section 5, we define the relative Willmore functional and state the orbit collapsing theorem for it, i.e. Theorem 5.3. In Section 6 and Section 7, we prove Theorem 5.3. In Section 8, we use our new method to reconsider some classical examples.
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Willmore functional and Willmore submanifold
A closed connected n-dimensional immersed submanifold M in the (n + p)-dimensional closed Riemannian manifold (N, g N ) is called a Willmore submanifold, if it represents a critical point for the Willmore functional When n = 0 or 1, W N,g N (·) is a constant functional, and when p = 0, M M,N is a discrete set. In this work, we count all immersed submanifolds in these special cases as Willmore submanifolds.
We have mentioned some classical examples of Willmore submanifolds with special importance in Section 1. We will revisit them in the last section, with more details given.
The orbit type stratification
Consider a closed connected Riemannian manifold N with the isometric action of a compact connected Lie group G. By the slice theorem in differential geometry [15] , we have the orbit type stratification N = α∈A N α , where A is a finite set. Here we summarize some fundamental properties for this stratification.
For each α ∈ A, N α and N α /G are connected smooth manifolds. They are not closed or compact in general. All G-orbits in a single N α has the same isotropy group up to conjugations. If G · x = G/H α for some x ∈ N α , we will simply call H α the isotropy group type of N α , and call G/H α the orbit type of N α . The subset N α is a smooth fiber bundle over N α /G which fibers are G-orbits.
The closure N α of N α in N is the union of N α with several other N β with lower dimensions. We denote ∂N α = N α \N α . For N β ⊂ ∂N α , then we can find x ′ ∈ N β and x ∈ N α , such that the isotropy group H β at x ′ contains the isotropy group H α at x. Further more H β either has a bigger dimension, or has the same dimension but more components than H α . Now we define the relative complexity degree between two stratified subsets N α and
In the rest of this section, we will construct a standard local chart at x ′ ∈ N β , with respect to the group action and stratification.
For any x ′ ∈ N β , the isotropy group H β acts on T x ′ N , which preserves the g Northogonal decomposition
where the second and third factors in the right side are the g N -orthogonal complement subspaces at x ′ for N β in N and G · x ′ in N β respectively. The H β -action on the second factor will be important for our later discussions. We will simply call it the isotropy action.
with some positive numbers c 1 , c 2 and c 3 , to a neighborhood U of x ′ in N , where D n (c) = {v ∈ R n | ||v|| < c} denotes the open round disk centered at the origin o.
Firstly, we fix a linear direct sum decomposition g = h β + m, where g = Lie(G) and
Here exp is the exponential map in Lie theory.
Secondly, because the fixed point set Fix(H β ) ∩ N β is a smooth submanifold, we can choose a smooth normal slice N for Fix( 
Thirdly, we trivialize the bundle V N β ,N,g N around x ′ in D n 3 (c 3 ) ∈ N by n 2 smooth sections which provide a g N -orthonormal basis at each point. Then any vector
can also be regarded as a tangent vector with the same g N -length at any point in D n 3 (c 3 ) ∈ N .
Finally we can construct the diffeomorphism as the following,
where
with an Euclidean metric induced from g N at x ′ . Obviously the three factors are then orthogonal to each other. We define the H β -action on D n 1 (c 1 ) and D n 3 (c 3 ) to be trivial, and on D n 2 (c 2 ) to be induced by the isotropy action. Then we have the following lemma.
Lemma 3.1 When x ∈ U is sufficiently close to x ′ , or c 1 , c 2 and c 3 in above construction are sufficiently close to 0, we can find some y ∈ D n 2 (c 2 ) and z ∈ D n 3 (c 3 
The proof is not hard, by the construction for the diffeomorphism φ described above. 4 Willmore orbit and the criteria theorem Let (N, g N ) be a closed connected Riemannian manifold, which admits the isometric action of a compact connected Lie group G. Denote N = α∈A N α the orbit type stratification, H α and G/H α the isotropy group type and orbit type for each N α respectively.
Denote M any G-orbit in some N α . Then N α /G can be naturally identified as a submanifold of M M,N , with each [x] ∈ N α /G for x ∈ N α mapped to the element represented by the embedding i : G · x → N in M M,N . Now we are ready to define homogeneous Willmore submanifolds.
The following theorem is a convenient criteria for Willmore orbits. Proof. The proof for the "only if" part is trivial. We only need to prove the "if" part.
The G-action on N can be naturally transported to a G-action on M M,N . When M is a G-orbit in some N α , the point [x] ∈ N α /G ⊂ M M,N for any x ∈ N α is a fixed point for this G-action. We want to decompose the tangent space
into the sum of a sequence of finite dimensional irreducible representations for G.
To make it precise, we first consider the Sobolev completion
. This is a Hilbert space with a countable basis. The action of G can be naturally extended to H. If we define the L 2,k -norm as
using the norms || · || on sections induced by the G-invariant metric g N , and G-invariant 
where each H i is a finite dimensional nontrivial irreducible G-representation space. By the assumption that [x] is a critical point for
An immediate consequence of Theorem 4.2 is the following corollary. If N α is a G-orbit, then it is obviously a Willmore orbit by Theorem 4.2. If N α is closed and has more than one orbit, we can find two Willmore orbits in N α for the minimum and maximum points of W N,g N (·)| Nα/G .
The orbit collapsing theorem for the relative Willmore functional
We first define the relative Willmore functional. Let N n+p be an immersed or embedded submanifold of a Riemannian manifold (N ′ , g N ′ ). Then we have the submanifold metric g N on N induced by g N ′ . Generally speaking we do not need particular assumptions for N ′ , but we need N to be connected and closed. The closeness of N implies the compactness, and then a finite orbit type stratification. Suppose M ′ is an immersed or embedded submanifold of N ′ which intersects with N at a closed connected submanifold M n .
Let 
is called the relative Willmore functional.
We have the following obvious lemmas for the relative Willmore functional. 
The orbit collapsing theorem for relative Willmore functional is the following. (N, g N ) and G be the same as in Theorem 1.1, and the orbit type stratification N = α∈A N α satisfy the same assumptions (1) and (2) .
Theorem 5.3 Let
be any open set in R q endowed with the standard Euclidean metric
(1) Any sequence of Riemannian metrics g N ′ ,n on N ′ , which converge to g N ′ ,0 in the
Any sequence x n in the same stratified subset N α , such that lim n→∞ x n = x ′ ∈ N β ⊂ ∂N α ,
we have lim
The proof of Theorem 5.3 will occupy the next two sections. Here we only use it to prove Theorem 1.2 and Theorem 1. for some x ∈ N α . Then using Theorem 4.2, G · x is a Willmore orbit.
Proof of Theorem 5.3
The proof of Theorem 5.3 is an induction for the relative complexity degree between N α and N β . Let (N, g N ) be a closed connected manifold admitting the isometric action of a compact connected Lie group G. Denote all the subsets for its orbit type stratification as N α , α ∈ A, and assume they satisfy the conditions (1) and (2) in Theorem 5.3.
We will first prove Theorem 5.3 when the relative complexity degree between N α and N β is 0, which will occupy the rest of this section.
Denote
We may assume n is sufficiently big, such that for each n, we can find a x ′ n ∈ N β , such that lim
where the distance function on N is induced by g N . Then we have
where the exponential map and the normal subspace at x ′ n is defined with respect to g N . As we have shown in Section 3, we can construct a diffeomorphism φ as in (3.2) from an open neighborhood U of (x ′ , z) in N ′ = N × D, to the product
When n is sufficiently large, the points x n can be chosen from U such that φ −1 (x n , z n ) = (y ′ n , y ′′ n , y ′′′ n ) with y ′ n , y ′′ n and y ′′′ n all converging to the origin. Then we also have
. Then for sufficiently large n, we can find a suitable neighborhood U n of (
, such that φ n maps the origin to (x ′ n , z n ), and the metricsgÑ
converges in the C ∞ -topology, to the product metricg N ′ ,0 of the standard Euclidean metrics on each factor.
Let H β,o be the identity component of H β , and y n = r −1 n y ′′ n . Then by Lemma 3.1, H β,o · y n ⊂ S n 2 −1 (1). Here we summarize some notations for the standard model spacẽ
Notice that the φ n -images ofM ′ n ,Ñ n andM n are some neighborhoods of (x n , z n ) in M ′ n = (G·x n )×D 1 , N n = N ×z n and M n = (G·x n )×z n respectively. By the assumption (2) in Theorem 5.3,
The metricgÑ ′ ,0 is the product of standard Euclidean metrics on all factors. Now we prove for any n sufficiently big,
where C is a positive universal constant. Let n n and n be the outgoing unit normal vector fields ofS ′ inÑ ′ with respect togÑ ′ ,n andgÑ ′ ,0 respectively. BecausegÑ ′ ,n converges togÑ ′ ,0 in the C ∞ -topology, n n also converges to n in the C ∞ -topology. The principal curvature ofM ′ n inÑ ′ , for the normal vector field n, with respect togÑ ′ ,0 , equals 1 in the directions of the H β,o · y n ⊂ S n 2 −1 (1), and equals 0 in the directions of D n 1 (1). Notice that n 1 > 0 by the assumption (1) of the theorem. So when we changegÑ ′ ,0 and n togÑ ′ ,n and n n respectively, those principal curvatures are still close to 1 and 0 respectively. Assume λ 1,n ≤ · · · ≤ λ n 4 +q 2 ,n are all the eigenvalues of IIM n,M ′ n ,gÑ ′ ,n (n n ), i.e. the restriction of the second fundamental form ofM ′ n toM n , with respect to any local gÑ ′ ,n -orthonormal tangent frame ofM n and the normal vector field n n . Then when n is sufficiently big, we have λ 1,n ≤ 1/3 and λ n 4 ,n ≥ 2/3. There exists a universal constant
Notice that all H β,o · y n belong to the same subset for the orbit type stratification of the H β,o -action on S n 2 −1 (1). The orbits H β,o · y n in S n 2 −1 (1) can not have any collapsing subsequence, otherwise we can insert a stratified subset N γ between N α and N β which is a contradiction that the relative complexity degree between N α and N β is 0. So there exists a positive lower bound for their volumes, with respect to the metric gÑ ′ ,0 . By the approximation of metrics, we also have
where C 2 is universal constant. Summarize (6.4) and (6.5), we get
which proves (6.3) To finish the proof of theorem when the relative complexity degree between N α and N β is 0, we only need to observe that U n gets infinitely tiny when n goes to infinity. For each n, we denote l(n) the maximal number of different group elements g i ∈ G, 1 ≤ i ≤ l(n), such that all (g i · U n ) ∩ M 's are disjoint with each other. Obviously we have lim n→∞ l(n) = +∞. When n is sufficiently large, we can use similar argument as above and the uniform approximation of the metrics near N to get the estimate (6.6) with U n changed to g i · U n and g i ·M n for each i. Then we can use Lemma 5.2 and observe
This ends the proof of Theorem 5.3. In the case that N is of cohomogeneity one with respect to the G-action, the argument in this section is enough to prove Thereom 5.3 and then Theorem 1.2 and Theorem 1.1, i.e. there exists a principal Willmore orbit. An interesting observation is that similar techniques can be applied to prove the existence of a Willmore isoparametric hypersurface when the ambient space is a standard sphere. As this is not a new result [10] , and not very relevant to the main theme of this work. We will discuss it in detail.
Proof of Theorem 5.3 continued
We continue to prove Theorem 5.3 with the assumption that the theorem is valid when the relative complexity degree between N α and N β is smaller than d. Now we assume the relative complexity degree between N α and N β is d. We can apply exactly the same argument in the last section to reduce our discussion to the standard modelÑ ′ , until we reach the step to prove (6.3), i.e.
where C is a positive universal constant. The reason is that when H β,o · y n collapse to an orbit with a low dimension, we can not get a positive lower bound estimate for their volumes.
Passing to suitable subsequences, we may assume y n ⊂ S n 2 −1 (1) converges to y ∈ S n 2 −1 (1) . If H β,o · y has the same dimension as H β,o · y n , then (6.4) and (6.5) are still valid, from which we can get (6.3). So we only need to consider the case that dim
We choose the local normal vector fields n i,n , 1
n , satisfying the following conditions: (1) n 1,n = n n , and other n i,n 's are tangent toS ′ .
(2) For each n and at each point, all n i,n 's provide angÑ ′ ,n -orthonormal basis for the
can be locally presented using n i,n . It is the sum of two parts. The first part P 1,n contains all the terms for n 1,n = n n , and P 2,n contains all the terms for n i,n with i > 1. Both P 1,n and P 2,n are non-negative functions. In particular, because (6.4) is still valid when n is sufficiently big, i.e. P 1,n > C 1 > 0, then we have
where C 2 is a positive universal constant. Fix any v 1 ∈ D n 1 (1) and v 2 ∈ D q 1 (1), we denotê
NoticeĝN ′ ,0 is just the Riemannian product of the standard metrics for all factors. The standard metric on the sphere factor is H β,o -equivariant. The complexity degree between the subset containing all H β,o · y n and that containing H β,o · y, for the orbit type stratification of the H β,o -action on S n 2 −1 (1) is at most d − 1, where d is the relative complexity between N α and N β . Using the inductive assumption forD =D 1 ×D 2 ,N ′ ,N andM ′ n , for any fixed v 1 ∈ D n 1 (1) and
goes to infinity.
Comparing the term
in (7.9) and the term P 2,n in
containing all the terms for n i,n with i > 1, we claim Lemma 7.1 For any v 1 ∈ D n 1 (1) and at any point ofM n , we haveP ≤ P 2,n .
Proof. Using the local orthogonal tangent frame
, all e i 's with i ≤ n 4 − n 1 provide a local tangent frame ofM n . At each point ofM n , we can use this tangent frame to present IIM n,M ′ n ,gÑ ′ ,n (n i,n ) with i > 1 as an n 4 × n 4 symmetric matrix A i,n . Then its upper left
10) 11) where the norm square for a real matrix is the sum of the squares of all entries. Using the relation between A i,n and B i,n for each i > 1 and n to compare (7.10) and (7.11), we can easily getP n ≤ P 2,n at each point ofM n , for any v 1 ∈ D n 1 (1) and v 2 ∈ D q 1 (1). Now we continue our estimate for (6.3). When n is sufficiently large,
where C 3 is a positive universal constant. By the inductive assumption, for each pair of v 1 ∈ D n 1 (1) and v 2 ∈ D q 1 (1), the non-negative continuous function
goes to infinity with n. So
which is enough for us to get
To summarize, when the orbit collapsing behavior is more complicated than the case that the relative complexity degree is zero, its relative Willmore functional goes to infinity even faster. This ends the proof of Theorem 5.3, when the relative complexity between N α and N β is d. So by induction, the proof of Theorem 5.3 is done.
Some classical examples revisited
In this section, we revisit some important examples of Willmore submanifolds.
Example 1. The Willmore torus is the Willmore hypersurface S n 1 ( n 2 n )×S n 2 ( n 1 n ) in S n+1 , where n 1 + n 2 = n [10] . It is a principle orbit for the canonical action of G = SO(n 1 + 1) × SO(n 2 + 1) on S n+1 (1). This group action is of cohomogeneity one, and the assumptions in Theorem 1.1 are satisfied. The explicit calculation (see Example 4 below) shows it is the only principal Willmore orbit predicted by Theorem 1.1.
Example 2. The Veronese surface is a RP 2 imbedded in S 4 (1) ⊂ R 5 , which is a Willmore submanifold parametrized by (x, y, z) ∈ R 3 with x 2 + y 2 + z 2 = 3 [3] [9] [11] , i.e.
Notice (x, y, z) and (−x, −y, −z) define the same point (u 1 , . . . , u 5 ) on the Veronese surface. To see it is an orbit of a group action, we need to change the standard inner product to the following one. Identify R 5 with the space of real trace-free symmetric 3 × 3-matrices, endowed with the inner product A, B = TrAB. This inner product is preserved by all SO(3)-conjugations. Denote S 4 (1) the unit sphere with respect to the new inner product. Then the conjugations of G = SO(3) on S 4 (1) is of cohomogeneity one. Its stratification consists of an open subset N 1 consisting of principal orbits, and two closed G-orbits N 2 and N 3 . The two singular orbits are just the Veronese surfaces. By Corollary 4.3, we immediately see that they are Willmore orbits.
Notice f (t 1 , . . . , t n ) is homogeneous function of degree 0. So M t 1 ,...,tp ⊂ S n+p−1 (1) is a Willmore orbit iff (t 1 , . . . , t p ) is a critical point for f (t 1 , . . . , t p ). The only critical point of f satisfying p i=1 t 2 i = 1 and t i > 0 for each i is given by t i = n−n i n(p−1) for each i [11] . So the only principal Willmore orbit is S n 1 ( n − n 1 n(p − 1) ) × · · · × S np ( n − n p n(p − 1) ). (8.13)
Then we look for Willmore orbits in other N A . The most obvious ones are N A where A is a one-element set, which must be Willmore orbits by Corollary 4.3. In general the closure of any N A is a unit sphere. So the above argument also proves there exists a unique Willmore orbit in N A . For example, the only Willmore orbit in N {1,...,k} is
where n ′ = k i=1 n i . To summarize, Theorem 1.1 provides sharp estimates for the number of Willmore orbits on the unit spheres in Example 1 and Example 4, which can be shown by short and explicit calculation. For the other two examples, we can apply Theorem 5.1 of [10] to show there are exactly three Willmore orbits, i.e. the estimates are still sharp, which can not be seen from Theorem 1.1. On the other hand, these estimates for the number of Willmore orbits are stable when the unit sphere metrics are equivalently perturbed.
